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1 Electroweak phenomenology before the GSW model

Some phenomenological facts:
• discovery of the weak interaction via radioactive β-decay of nuclei:

n→ p + e− + ν̄e, p→ n + e+ + νe (not possible for free protons)

• terminology “weak”: interaction at low energy has very short range
→֒ long life time of weakly decaying particles:

strong int.: ρ → 2π, τ ∼ 10−22s

elmg. int.: π → 2γ, τ ∼ 10−16s

weak int.: π− → µ− + ν̄µ τ ∼ 10−8s

µ− → e− + ν̄e + νµ, τ ∼ 10−6s

• lepton-number conservation: µ− /−→e− + γ (BR <∼ 10−11)

⇒ Le, Lµ, Lτ individually conserved:
Le = +1 for e−, νe, Le = −1 for e+, ν̄e, etc.

(For massive ν’s with different masses, only Le+Lµ+Lτ is conserved.)

• parity violation (Wu et al. 1957):

e.g.: K+ → 2π, 3π︸ ︷︷ ︸
final states of different parity

60Co→ 60Ni∗ + e− + ν̄e
→֒ polarization inversion does not

yield inversion of spectra
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The Fermi model
(Fermi 1933, further developed by Feynman, Gell-Mann and others after 1958)

Lagrangian for “current–current interaction” of four fermions:

LFermi(x) = −2
√

2GµJ
†
ρ(x)Jρ(x), Gµ = 1.16639× 10−5 GeV−2

with Jρ(x) = J lep
ρ (x) + Jhad

ρ (x) = charged weak current

• Leptonic part J lep
ρ of Jρ:

J lep
ρ = ψνe

γρω−ψe + ψνµ
γρω−ψµ ω± = 1

2 (1± γ5) = chirality projectors

⋄ only left-handed fermions (ω−ψ), right-handed anti-fermions (ψω+)
feel (charged-current) weak interactions ⇒ maximal P-violation

⋄ doublet structure:
(
νe
e−

)
,
(
νµ

µ−

)
, later completed by

(
ντ

τ−

)

⋄ (J lep,ρ)†J lep
ρ induces muon decay:

µ−

νµ

e−

ν̄e
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• Hadronic part Jhad
ρ of Jρ:

Relevant quarks for energies <∼ 1GeV: u,d, s, c
→֒ meson (qq̄) and baryon (qqq) spectra

Question: doublet structure
(

u
d

)
,
(

c
s

)
?

Problem: e.g. annihilation of us̄ pair would not be allowed,
but is observed: K+

︸︷︷︸
us̄ pair in quark model

→ µ+νµ

Solution (Cabibbo 1963):

u-c-mixing and d-s-mixing in weak interaction

→֒ doublets
(

u
d′

)
,
(

c
s′

)
with

(
d′

s′

)
= UC

(
d
s

)
,

orthogonal Cabbibo matrix UC =

(
cos θC sin θC
− sin θC cos θC

)
,

empirical result: θC ≈ 13◦

Jhad
ρ = ψuγρω−ψd′ + ψcγρω−ψs′
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Remarks on the Fermi model:
• universal coupling Gµ for all transitions

(U†
CUC = 1 is part of universality)

• no (pseudo-)scalar or tensor couplings, such as (ψψ)(ψψ), (ψψ)(ψγ5ψ),
etc., necessary to describe low-energy experiments (E <∼ 1GeV)

• Problems:
⋄ cross sections for νµe→ νeµ, etc., grow for energy E →∞ as E2

→֒ unitarity violation !
⋄ no consistent evaluation of higher perturbative orders possible

(no cancellation of UV divergences)

→֒ non-renormalizability !
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“Intermediate-vector-boson (IVB) model”

Idea: “resolution” of four-fermion interaction by vector-boson exchange

Lagrangian:

LIVB = L0,ferm + L0,W + Lint,

L0,ferm = ψf (i/∂ −mf )ψf , (summation over f assumed)

L0,W = −1

2
(∂µW

+
ν − ∂νW

+
µ )(∂µW−,ν − ∂νW−,µ) +M2

WW
+
µ W

−,µ,

with W±
µ =

1√
2
(W 1

µ ∓ iW 2
µ), W i

µ real

W± are vector bosons with electric charge ±e and mass MW.

Propagator: GWW
µν (k) =

−i

k2 −M2
W

(
gµν −

kµkν

M2
W

)
, k = momentum

Interaction Lagrangian: Lint =
gW√

2

(
JρW+

ρ + Jρ†W−
ρ

)
,

Jρ = charged weak current as in Fermi model
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Four-fermion interaction in process νµe− → µ−νe

Fermi model: IVB model:

µ−νµ

e− ν̄e

µ−νµ

e− ν̄e

W

−i2
√

2Gµ gρσ
i
2
g2
W

1

k2 −M2
W

(
gρσ − kρkσ

M2
W

)

×
[
ūµ−γρω−uνµ

]
[ūνeγ

σω−ue− ] ×
[
ūµ−γρω−uνµ

]
[ūνeγ

σω−ue− ]

⇒ identification for |k| ≪MW: 2
√

2Gµ =
g2
W

2M2
W

Consequences for the high-energy behaviour:

• kρ terms: ūνe/kω−ue− = ūνe(/pe − /pνe)ω−ue− = meūνeω−ue−

→֒ no extra factors of scattering energy E

• propagator 1/(k2 −M2
W) ∼ 1/E2 for |k| ∼ E ≫MW

→֒ damping of amplitude in high-energy limit by factor 1/E2

⇒ cross section
Ẽ→∞ const/E2, ⇒ No unitarity violation !
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Comments on the IVB model:
• Formal similiarity with QED interaction: JρW+

ρ + h.c. ←→ jρ
elmg.Aρ

• Intermediate vector bosons can be produced, e.g.

ud̄︸︷︷︸
in pp collision

−→ W+ → ff̄ ′︸ ︷︷ ︸
W± unstable

(discovery 1983 at CERN)

• Problems:
⋄ unitarity violations in cross sections with longitudinal W bosons, e.g.

νe

W

W

γ

W

W

⋄ non-renormalizability
(no consistent treatment of higher perturbative orders)

→֒ Solution by spontaneously broken gauge theories !
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2 The principle of local gauge invariance

QED as U(1) gauge theory:

Lagrangian L0,ferm = ψf (i/∂ −mf )ψf has global phase symmetry:
ψf → ψ′

f = exp{−iQfeθ}ψf , ψf → ψ′
f = ψf exp{+iQfeθ}

with space-time-independent group parameter θ

“Gauging the symmetry”: demand local symmetry, θ → θ(x)

To maintain local symmetry, extend theory by “minimal substitution”:
∂µ → Dµ = ∂µ + iQfeA

µ(x) = “covariant derivative”,
Aµ(x) = spin-1 gauge field (photon).

Transformation property of photon Aµ(x) → A′
µ(x) = Aµ(x) + ∂µθ(x) ensures

• Dµψf → (Dµψf )′ = D′
µψ

′
f = exp{−iQfeθ}(Dµψf )

• gauge invariance of field-strength tensor Fµν = ∂µAν − ∂νAµ

Gauge-invariant Lagrangian of QED:

LQED = ψf (i/∂ −Qfe/A−mf )ψf − 1

4
FµνF

µν
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Non-Abelian gauge theory (Yang–Mills theory):

Starting point:
Lagrangian LΦ(Φ, ∂µΦ) of free or self-interacting fields with “internal symmetry”:

• Φ =

(
φ1...
φn

)
= multiplet of a compact Lie group G:

Φ → Φ′ = U(θ)Φ, U(θ) = exp{−igT aθa} = unitary,

T a = group generators, [T a, T b] = iCabcT c, Tr
{
T aT b

}
= 1

2
δab

• LΦ is invariant under G: LΦ(Φ, ∂µΦ) = LΦ(Φ′, ∂µΦ′)

Example: self-interacting (complex) boson multiplet

LΦ = (∂µΦ)†(∂µΦ)−m2Φ†Φ +λ(Φ†Φ)2 (m = common boson mass, λ = coupling strength)

Gauging the symmetry by minimal substitution:

LΦ(Φ, ∂µΦ) → LΦ(Φ, DµΦ) with Dµ = ∂µ + igT aAa
µ(x),

g = gauge coupling, T a = generator of G in Φ representation, Aa
µ(x) = gauge fields
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Transformation property of gauge fields:

• LΦ(Φ,DµΦ) local invariant if DµΦ → (DµΦ)′ = D′
µΦ′ = U(θ)(DµΦ)

⇒ T aA′a
µ = UT aAa

µU
† − i

g
U(∂µU

†), Aa
µA

a,µ = not gauge invariant

infinitesimal form: δAa
µ = gCabcδθbAc

µ + ∂µδθ
a

• covariant definition of field strength: [Dµ, Dν ] = igT aF a
µν

⇒ T aF a
µν → T aF ′a

µν = UT aF a
µνU

†, F a
µνF

a,µν = gauge invariant

explicit form: F a
µν = ∂µA

a
ν − ∂νA

a
µ − gCabcAb

µA
c
ν

Yang–Mills Lagrangian for gauge and matter fields:

LYM = −1

4
F a

µνF
a,µν + LΦ(Φ,DµΦ)

• Lagrangian contains terms of order (∂A)A2, A4 in F 2 part
→֒ cubic and quartic gauge-boson self-interactions

• gauge coupling determines gauge-boson–matter and gauge-boson
self-interaction → unification of interactions

• mass term M2(Aa
µA

a,µ) for gauge bosons forbidden by gauge invariance
→֒ gauge bosons of unbroken Yang–Mills theory are massless
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Quantum chromodynamics — gauge theory of strong interactions

• Gauge group: SU(3)c, dim. = 8

structure constants fabc, gauge coupling gs, αs =
g2
s

4π

• Gauge bosons: 8 massless gluons g with fields Aa
µ(x), a = 1, . . . , 8

• Matter fermions: quarks q (spin- 1
2
) with flavours q = d, u, s, c, b, t

in fundamental representation:

ψq(x) ≡ q(x) =



qr(x)

qg(x)

qb(x)


 = colour triplet

T a =
λa

2
, Gell-Mann matrices λ1 =




0 1 0

1 0 0

0 0 0


 , etc.

• Lagrangian:

LQCD = −1

4
F a

µνF
a,µν +

∑

q

ψq(i /D −mq)ψq

= −1

4

(
∂µA

a
ν − ∂νA

a
µ − gsf

abcAb
µA

c
ν

)2

+
∑

q

ψq

(
i/∂ − gs

λa

2
/Aa −mq

)
ψq

g g
g

g
g

g

g

g

g
q̄ q

q

q̄
g
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3 The Standard Model of electroweak interaction (Glashow–Salam–Weinberg model)

3.1 The gauge group for electroweak interaction

Why unification of weak and elmg. interaction ?

• similiarity: spin-1 fields couple to matter currents formed by spin- 1
2

fields

• elmg. coupling of charged W± bosons

γ,W+,W− as gauge bosons of group SU(2) ? – No!

Reason: charge operator Q cannot be SU(2) generator, since Tr {Q} 6= 0

for fermion doublets: Q =

(
0 0

0 −1

)
for
(
νe

e−

)
, etc.

Possible way out: additional heavy fermions like E+ as partner to e− ?
→֒ no experimental confirmation !
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Minimal solution: SU(2)I × U(1)Y

• SU(2)I → weak isospin group with gauge bosons W+,W−,W0

• U(1)Y → weak hypercharge with gauge boson B

W0 and B carry identical quantum numbers

→֒ two neutral gauge bosons γ, Z as mixed states

Experiment: 1973 discovery of neutral weak currents at CERN
→֒ indirect confirmation of Z exchange

1983 discovery of W± and Z bosons at CERN
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3.2 Fermion sector and minimal substitution

Multiplet structure:
Distinguish between left-/right-handed parts of fermions: ψL = ω−ψ, ψR = ω+ψ

• ψL couple to W± → group ψL into SU(2)I doublets, weak isospin T a
I = σa

2

• ψR do not couple to W± → ψR are SU(2)I singlets, weak isospin T a
I = 0

• ψL/R couple to γ in the same way
→֒ adjust coupling to U(1)Y (i.e. fix weak hypercharges Y L/R for ψL/R)

such that elmg. coupling results: Lint,QED = −Qfeψf /Aψf

Fermion content of the SM:
(ignoring possible right-handed neutrinos) T 3

I Q

leptons: ΨL
L =

(
νL
e

eL

)
,

(
νL

µ

µL

)
,

(
νL

τ

τL

)
,

+ 1
2

− 1
2

0

−1

ψR
l = eR, µR, τR, 0 −1

quarks:
(Each quark exists

in 3 colours!)
ΨL

Q =

(
uL

dL

)
,

(
cL

sL

)
,

(
tL

bL

)
,

+ 1
2

− 1
2

+ 2
3

− 1
3

ψR
u = uR, cR, tR, 0 + 2

3

ψR
d = dR, sR, bR, 0 − 1

3
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Free Lagrangian of (still massless) fermions:

L0,ferm = iψf /∂ψf = iΨL
L/∂ΨL

L + iΨL
Q/∂ΨL

Q + iψR
l /∂ψ

R
l + iψR

u /∂ψ
R
u + iψR

d /∂ψ
R
d

Minimal substitution:

∂µ → Dµ = ∂µ − ig2T
a
I W

a
µ + ig1

1
2
Y Bµ = DL

µω− +DR
µω+,

DL
µ = ∂µ − ig2√

2

(
0 W+

µ

W−
µ 0

)
− i

2

(
g2W

3
µ − g1Y

LBµ 0

0 −g2W 3
µ − g1Y

LBµ

)
,

DR
µ = ∂µ + ig1

1
2
Y RBµ

Photon identification:

“Weinberg rotation”:
(
Zµ

Aµ

)
=

(
cW sW

−sW cW

)(
W 3

µ

Bµ

)
,

cW=cos θW, sW= sin θW,
θW = weak mixing angle

DL
µ

∣∣∣
Aµ

= − i

2
Aµ

(−g2sW − g1cWY
L 0

0 g2sW − g1cWY
L

)
!
= ieAµ

(
Q1 0

0 Q2

)

• charged difference in doublet Q1 −Q2 = 1 → g2 =
e

sW
• normalize Y L/R such that g1 =

e

cW
→֒ Y fixed by “Gell-Mann–Nishijima relation”: Q = T 3

I +
Y

2
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Fermion–gauge-boson interaction:

Lferm,YM =
e√
2sW

ΨL
F

(
0 /W+

/W− 0

)
ΨL

F +
e

2cWsW
ΨL

Fσ
3 /ZΨL

F

− e
sW
cW

Qfψf /Zψf − eQfψf /Aψf (f=all fermions, F = all doublets)

Feynman rules:

f

f̄ ′

Wµ
ie√
2sW

γµω−

f

f̄

Aµ −iQfeγµ

f

f̄

Zµ ieγµ(g+
f ω+ + g−f ω−) = ieγµ(vf − afγ5)

with g+
f = −sW

cW
Qf , g−f = −sW

cW
Qf +

T 3
I,f

cWsW
,

vf = −sW
cW

Qf +
T 3

I,f

2cWsW
, af =

T 3
I,f

2cWsW
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3.3 Gauge-boson sector

Yang–Mills Lagrangian for gauge fields:

LYM = −1

4
W a

µνW
a,µν−1

4
BµνB

µν

Field-strength tensors:

W a
µν = ∂µW

a
ν − ∂νW

a
µ + g2ǫ

abcW b
µW

c
ν , Bµν = ∂µBν − ∂νBµ

Lagrangian in terms of “physical” fields:

LYM = −1

2
(∂µW

+
ν − ∂νW

+
µ )(∂µW−,ν − ∂νW−,µ)

− 1

4
(∂µZν − ∂νZµ)(∂µZν − ∂νZµ)− 1

4
(∂µAν − ∂νAµ)(∂µAν − ∂νAµ)

+ (trilinear interaction terms involving AW+W−, ZW+W−)

+ (quadrilinear interaction terms involving
AAW+W−, AZW+W−, ZZW+W−, W+W−W+W−)
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Feynman rules for gauge-boson self-interactions:
(fields and momenta incoming)

W+
µ

W−
ν

Vρ

ieCWWV

[
gµν(k+ − k−)ρ + gνρ(k− − kV )µ

+ gρµ(kV − k+)ν

]

with CWWγ = 1, CWWZ = − cW
sW

W+
µ

W−
ν

Vρ

V ′
σ

ie2CWWV V ′

[
2gµνgρσ − gµρgσν − gµσgνρ

]

with CWWγγ = −1, CWWγZ =
cW
sW

,

CWWZZ = − c
2
W

s2W
, CWWWW =

1

s2W
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3.4 Higgs sector and spontaneous symmetry breaking

Idea: spontaneous breakdown of SU(2)I×U(1)Y symmetry → U(1)elmg symmetry

→֒ masses for W± and Z bosons, but γ remains massless

Note: choice of scalar extension of massless model involves freedom

GSW model:

Minimal scalar sector with complex scalar doublet Φ =

(
φ+

φ0

)
, YΦ = 1

Scalar self-interaction via Higgs potential:
V

Re(φ0)

Im(φ0)

V (Φ) = −µ2Φ†Φ +
λ

4
(Φ†Φ)2, µ2, λ > 0,

= SU(2)I×U(1)Y symmetric

V (Φ) = minimal for |Φ| =

√
2µ2

λ
≡ v√

2
> 0

ground state Φ0 (=vacuum expectation value of Φ) not unique

specific choice Φ0=

(
0
v√
2

)
not gauge invariant ⇒ spontaneous symmetry breaking

elmg. gauge invariance unbroken, since QΦ0 =

(
1 0

0 0

)
Φ0 = 0
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Field excitations in Φ:
Φ(x) =

(
φ+(x)

1√
2

(
v +H(x) + iχ(x)

)
)

Gauge-invariant Lagrangian of Higgs sector: (φ− = (φ+)†)

LH = (DµΦ)†(DµΦ) − V (Φ) with Dµ = ∂µ − ig2
σa

2
W a

µ + i
g1
2
Bµ

= (∂µφ
+)(∂µφ−) − iev

2sW
(W+

µ ∂
µφ− −W−

µ ∂
µφ+)+

e2v2

4s2W
W+

µ W
−,µ

+
1

2
(∂χ)2 +

ev

2cWsW
Zµ∂

µχ+
e2v2

4c2Ws
2
W

Z2+
1

2
(∂H)2 − µ2H2

+ (trilinear SSS, SSV , SV V interactions)

+ (quadrilinear SSSS, SSV V interactions)

Implications:
• gauge-boson masses: MW =

ev

2sW
, MZ =

ev

2cWsW
=
MW

cW
, Mγ = 0

• physical Higgs boson H: MH =
√

2µ2 = free parameter
• would-be Goldstone bosons φ±, χ: unphysical degrees of freedom
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3.5 Fermion masses and Yukawa couplings

Ordinary Dirac mass terms mfψfψf = mf (ψL
fψ

R
f + ψR

f ψ
L
f ) not gauge invariant

→֒ introduce fermion masses by (gauge-invariant) Yukawa interaction

Lagrangian for Yukawa couplings:

LYuk = −ΨL
LGlψ

R
l Φ − ΨL

QGuψ
R
u Φ̃ − ΨL

QGdψ
R
d Φ + h.c.

• Gl, Gu, Gd = 3 × 3 matrices in 3-dim. space of generations (ν masses ignored)

• Φ̃ = iσ2Φ∗ =

(
φ0∗

−φ−

)
= charge conjugate Higgs doublet, YΦ̃ = −1

Fermion mass terms:
mass terms = bilinear terms in LYuk, obtained by setting Φ → Φ0:

Lmf
= − v√

2
ψL

l Glψ
R
l − v√

2
ψL

uGuψ
R
u − v√

2
ψL

dGdψ
R
d + h.c.

→֒ diagonalization by unitary field transformations (f = l, u, d)

ψ̂
L/R

f ≡ U
L/R

f ψ
L/R

f such that v√
2
UL

f Gf (UR
f )† = diag(mf )

⇒ standard form: Lmf
= −mf ψ̂L

f ψ̂
R
f + h.c. = −mf ψ̂f ψ̂f
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Quark mixing:

• ψf correspond to eigenstates of the gauge interaction

• ψ̂f correspond to mass eigenstates,
for massless neutrinos define ψ̂L

ν ≡ UL
l ψ

L
ν → no lepton-flavour changing

Yukawa and gauge interactions in terms of mass eigenstates:

LYuk = −
√

2ml

v

(
φ+ψ̂L

νl
ψ̂R

l + φ−ψ̂R
l ψ̂

L
νl

)
+

√
2mu

v

(
φ+ψ̂R

u V ψ̂
L
d + φ−ψ̂L

dV
†ψ̂R

u

)

−
√

2md

v

(
φ+ψ̂L

uV ψ̂
R
d + φ−ψ̂R

d V
†ψ̂L

u

)
− mf

v
i sgn(T 3

I,f )χ ψ̂fγ5ψ̂f

− mf

v
(v +H) ψ̂f ψ̂f ,

Lferm,YM =
e√
2sW

Ψ̂L
L

(
0 /W+

/W− 0

)
ψ̂L

L +
e√
2sW

Ψ̂L
Q

(
0 V /W+

V † /W− 0

)
ψ̂L

Q

+
e

2cWsW
Ψ̂L

Fσ
3 /ZΨ̂L

F − e
sW
cW

Qf ψ̂f /Zψ̂f − eQf ψ̂f /Aψ̂f

• only charged-current coupling of quarks modified by V = UL
u (UL

d )† = unitary
(Cabibbo–Kobayashi–Maskawa (CKM) matrix)

• Higgs–fermion coupling strength =
mf

v
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Features of the CKM mixing:

• V = 3-dim. generalization of Cabibbo matrix UC

• V is parametrized by 4 free parameters: 3 real angles, 1 complex phase
→֒ complex phase is the only source of CP violation in SM

counting:
(

#real d.o.f.
in V

)
−
(

#unitarity
relations

)
−
(

#phase diffs. of
u-type quarks

)
−
(

#phase diffs. of
d-type quarks

)
−
(

#phase diff. between
u- and d-type quarks

)

= 18 − 9 − 2 − 2 − 1 = 4
• no flavour-changing neutral currents in lowest order,

flavour-changing suppressed by factors Gµ(m2
q1 −m2

q2) in higher orders
(“Glashow–Iliopoulos–Maiani mechanism”)
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3.6 Quantization — gauge fixing and Faddeev–Popov sector

Gauge fields contain unphysical degrees of freedom that must not be quantized.

Consequences:

• gauge-boson propagators ill-defined without gauge fixing,
e.g. for photon the (singular) operator (gµν� − ∂µ∂ν) would have to be inverted

• in path integral
∫
DAa

µ exp{i
∫

dxL}:
only one representative of each gauge orbit should contribute,
otherwise integral over gauge-equivalent fields diverges
→֒ fix gauge by δ-functions δ(F a[Aa

µ] − Ca) in path integral (Ca = const.)
→֒ by averaging over Ca, gauge fixing can be cast in terms of a

gauge-fixing Lagrangian Lgf

Gauge-fixing Lagrangian of general Rξ gauge:

Lgf = − 1

ξW
F+F− − 1

2ξZ
(FZ)2 − 1

2ξγ
(F γ)2

with the gauge-fixing functionals F a: (ξV = arbitrary gauge-fixing parameters)

F± = ∂W± ∓ iξWMWφ
±, FZ = ∂Z − ξZMZχ, F γ = ∂A
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Features of the Rξ gauge fixing:

• elimination of mixing terms (W±
µ ∂

µφ∓), (Zµ∂
µχ) in Lagrangian

→֒ decoupling of gauge and would-be Goldstone fields (no mix propagators)

• boson propagators:

k

V
GV V

µν (k) = −i

[
gµν − kµkν

k2

k2 −M2
V

+
kµkν

k2

ξV

k2 − ξV M2
V

]
, V = W,Z, γ

k

S
GSS(k) =

i

k2 − ξV M2
V

, S = φ, χ

• important special cases:
⋄ ξV = 1: ‘t Hooft–Feynman gauge

→֒ convenient gauge-boson propagators
−igµν

k2 −M2
V

⋄ ξW, ξZ → ∞: “unitary gauge”
→֒ elimination of would-be Goldstone bosons
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Faddeev–Popov ghosts

Consistent use of gauge fixing in path integral: Faddeev–Popov ansatz
∫

DAa
µ exp

{
i

∫
dxL

}
δ(F a[Aa

µ] − Ca) det

(
δF a

δθb

)

with the gauge variation of the functionals F a:
(
δF a(x)

δθb(y)

)
= Mab(x) δ(x− y),

MV V ′

(x) = δV V ′

(�x + ξV M
2
V ) + terms linear in vector and scalar fields

Functional determinant can be written as path integral over
Grassmann-valued auxiliary fields ua(x), ūa(x): (Faddeev–Popov ghost fields)

det

(
δF a

δθb

)
∝
∫

Dua

∫
Dūa exp

{
i

∫
dxLFP

}

LFP(x) = −ūa(x)Mab(x)ub(x) = −ūV (� + ξV M
2
V )uV + . . .

→֒ ghost propagators:
k

uV ūV i

k2 − ξV M2
V
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Features of the Faddeev–Popov ghost fields:

• ghosts do not correspond to physical states
(ghost propagators have poles at unphysical mass values ξV M

2
V )

→֒ appear only inside loops in diagrams for physical processes

• ghost fields have spin 0, but are anti-commuting
(would violate spin-statistics theorem as physical states)

→֒ signs as for fermions in Feynman rules

• ghost fields couple to gauge and scalar fields (not to fermions):
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4 Electroweak phenomenology

4.1 Brief overview

Features of the electroweak Standard Model

• Higgs boson not yet found, particle content verified otherwise

• No really significant contradictions of GSW model with experiment

• Input parameters:

α =
e2

4π
≈ 1/137, MW ≈ 80 GeV, MZ ≈ 91 GeV, MH

>∼ 100 GeV, mf , V

• GSW model = consistent quantum field theory
⋄ matrix elements respect unitarity

⋄ renormalizability

⇒ evaluation of higher perturbative orders possible
(and phenomenologically necessary !)
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Important electroweak experiments
• Muon decay: µ− → νµe−ν̄e

W

µ−

determination of the Fermi constant

Gµ =
παM2

Z√
2M2

W
(M2

Z
− M2

W
)

+ . . .

• Z production (LEP1/SLC): e+e− → Z→ ff̄

γ, Z

e+

e−

various precision measurements at the
Z resonance: MZ,ΓZ, σhad, AFB, ALR, etc.

⇒ good knowledge of the Zff̄ sector

• W-pair production (LEP2/ILC): e+e− →WW→ 4f(+γ)

e+

e−
γ, Z

W

W

e+

e−
νe

W

W

– measurement of MW

– γWW/ZWW couplings

– quartic couplings: γγWW, γZWW
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Important electroweak experiments (continued)
• W production (Tevatron/LHC): pp,pp̄→W→ lνl(+γ)

W

p

p, p̄

– measurement of MW

– bounds on γWW coupling

• top-quark production (Tevatron/LHC): pp,pp̄→ tt̄→ 6f

t

t̄

W

W

b

b̄

p

p, p̄

– measurement of mt

Theoretical predictions
parametrized by α(MZ), MW, MZ, mt, mf , αs(MZ) and MH

→֒ global fit of SM to data yields bounds on MH

But: high precision necessary,
since MH sensitivity weak ∼ α

π log(MH/MW)
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4.2 Z-boson physics at LEP1 and SLC

Precision study of the Z line shape

γ,Z

e+

e−

f

f̄

Unfolded resonance:

σres(s) = σ0 sΓ2
Z∣∣∣s−M2

Z + iMZΓZ
s

M2
Z

∣∣∣
2

Resonance observables:
• Z mass and width: MZ,ΓZ

• peak cross section: σ0
had

• various asymmetries: AFB, ALR, etc.

• ratios of decay widths: Rl = Γhad

Γl
, etc.

Ecm [GeV]

σ ha
d 

[n
b]

σ from fit
QED unfolded

measurements, error bars
increased by factor 10

ALEPH
DELPHI
L3
OPAL

σ0

ΓZ

MZ

10

20

30

40

86 88 90 92 94
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Number of light neutrinos

ΓZ = Γhad + Γe + Γµ + Γτ + Γinv

•• ΓZ measured from Z line shape

• Γhad and Γl=e,µ,τ from

Rl =
Γhad

Γl
and σ

0
had =

12π

M2
Z

ΓeΓhad

Γ2
Z

Fit of ΓZ, Rl, and σ0
had yields invisible Z-decay width: Γinv = Nν Γtheory

Z→νν̄

→֒ Nν = 2.9840± 0.0082
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Effective Z-boson–fermion couplings

f̄

f

Zµ = ieγµ(gV f − gAfγ5)

Leptonic couplings from LEP1
asymmetry measurements, e.g.:

A0,f
FB =

σ0
f,F − σ0

f,B

σ0
f,F + σ0

f,B

=
3

4
AeAf

(F/B = For/Backward hemisphere)

with Af =
2gV fgAf

g2
V f + g2

Af

Good agreement with SM
• lepton universality confirmed
• constraints on mt and MH

LEPEWWG ’05

-0.041

-0.038

-0.035

-0.032

-0.503 -0.502 -0.501 -0.5

gAl

g V
l

68% CL

l+l−

e+e−

µ+µ−

τ+τ−

mt

mH

mt= 178.0 ± 4.3 GeV
mH= 114...1000 GeV

∆α
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Translation of effective couplings into effective weak mixing angle

sin2 θlept
eff =

1

4

(
1− Re

{
gV l

gAl

})

Important features:

• high sensitivity to MH

• combination of
very different observables

• ∼ 3σ difference between
A0,b

FB(LEP) and A0,l
LR(SLD)

with the initial-state pol. asymmetry

A0,l
LR

=
σ0
L − σ0

R

σ0
L

+ σ0
R

1

〈|Pe|〉

LEPEWWG ’05

10 2

10 3

0.23 0.232 0.234

sin2θ
lept

eff

m
H
  [

G
eV

]

χ2/d.o.f.: 11.8 / 5

A
0,l

fb 0.23099 ± 0.00053

Al(Pτ) 0.23159 ± 0.00041

Al(SLD) 0.23098 ± 0.00026

A
0,b

fb 0.23221 ± 0.00029

A
0,c

fb 0.23220 ± 0.00081

Q
had

fb 0.2324 ± 0.0012

Average 0.23153 ± 0.00016

∆αhad= 0.02758 ± 0.00035∆α(5)

mt= 178.0 ± 4.3 GeV
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Observables most sensitive to mt and MH

LEPEWWG ’05

130

150

170

190

210

10 10
2

10
3

mH  [GeV]

m
t  

[G
eV

]

68 % CL

sin2θleptsin2θeff

mW

prel.

Γ ll

Rb

∆α

main sensitivity to mt via

W

t

b

W Z

t

t b

W

b̄

main sensitivity to MH via

W

H

W

W Z

H

Z

Z
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Bounds on MH (95% C.L.)

0

1

2

3

4

5

6

10030 300

mH [GeV]

∆χ
2

Excluded Preliminary

∆αhad =∆α(5)

0.02758±0.00035

0.02749±0.00012

incl. low Q2 data

Theory uncertainty

mLimit = 144 GeV

–MH > 114.4GeV (LEPHIGGS ’02)

e+e− /−→ ZH at LEP2

–MH < 144GeV (LEPEWWG ’07)

fit to precision data,
i.e. via quantum corrections

W

H

W

W Z

H

Z

Z

Sensitivity via “high-precision observables”: mt, MW, sin2 θlept
eff , etc.

→֒ precise measurement is possible at future ILC !
⇒ stronger bounds on MH
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4.3 W-boson physics at LEP2

W-pair production e+e− →WW→ 4f(+γ)

e+

e−
νe

W

W

diagram dominates near W-pair threshold

e+

e− γ, Z

W

W

diagram contains γWW/ZWW couplings

Physics issues:
• test of non-abelian structure of triple gauge-boson couplings (TGCs)

→֒ constraint on non-standard γWW/ZWW couplings
• precision measurement of W-pair cross section
• precision measurement of W mass MW

• first bounds on non-standard quartic gauge-boson couplings (QGCs)

⇒ Theoretical requirement:
precise understanding of 2→ 4 process (0.5% level for cross section)
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A typical 4-jet event observed at ALEPH
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(Non-)standard TGCs Gaemers, Gounaris ’79; Hagiwara, Hikasa, Peccei, Zeppenfeld ’87;
Bilenky, Kneur, Renard, Schildknecht ’93; etc.

General parametrization (C- and P-conserving):
W+

W−
V = γ,Z

LV WW = −iegV WW

{
gV
1 (W+

µνW
−,µV ν −W−,µνW+

µ Vν)

+ κVW
+
µ W

−
ν V

µν +
λV

M2
W

W+
ρµW

−,µ
ν V νρ

}

Meaning for static W+ bosons:

QW = egγ
1 = electric charge (= e by charge conservation)

µW =
e

2MW

(gγ
1 + κγ + λγ) = magnetic dipole moment

qW = − e

M2
W

(κγ − λγ) = electric quadrupole moment

Standard Model values:

gV
1 = κV = 1, λV = 0

Restriction to SU(2)×U(1)-symmetric dim-6 operators:

κZ = gZ
1 − (κγ − 1) tan2 θW, λZ = λγ
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LEP2 constraints on charged TGCs LEPEWWG ’04
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Z

κ γ
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κ γ
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g1
Z

κ γ

0.8

0.85

0.9

0.95

1

1.05

1.1

1.15

1.2

-0.1 0 0.1

λγ

κ γ

95% c.l.

68% c.l.

2d fit result

LEP charged TGC Combination 2003

LEP Preliminary

∆gZ
1 = −0.009+0.022

−0.021

∆κγ = −0.016+0.042
−0.047

λγ = −0.016+0.021
−0.023

Standard Model values verified
at the level of 2–4%

Note: TGC bounds ∼ O(EW corrections)
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Total WW cross section at LEP2

Status of 1999: (LEPEWWG ’99) Final (?) result: (LEPEWWG ’05)

√s


   [GeV]

 σ
(e

+ e− →
W

+ W
− (γ

))
   

[p
b]

LEP

νe exchange

no ZWW vertex

Standard Model

Data

√s


 ≥ 189 GeV: preliminary

0

10

20

160 170 180 190 200

GENTLE (Bardin et al.)

only universal EW corrections
→֒ theoretical uncertainty ∼ ±2%

√s (GeV)

σ W
W

 (
pb

)

YFSWW and RacoonWW

LEP PRELIMINARY

17/02/2005

0

10

20

160 180 200

16

17

18

190 195 200 205

YFSWW (Jadach et al.) / RacoonWW (Denner et al.)

non-universal corrections included
→֒ th. uncertainty ∼ ±0.5% for

√
s > 170 GeV
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4.4 Higgs search at present and future colliders

Higgs bosons couple proportional to particle masses:

∝ MWH

W,Z

W,Z

∝ mfH

f̄

f

⇒ Higgs production mainly via coupling to W/Z bosons or top quarks

Processes at hadron colliders (pp̄/pp):

H

t

t

t

H

W, Z

W, Z

H

q

q

W, Z

W, Z

H

t

t̄

t

t

Processes at e+e− colliders:

H

Z
Z

e+

e−

H

ν̄e

νe

W

W

e+

e−

t

H
γ, Z

t̄

e+

e−
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Cross sections and significance of the Higgs signal at the LHC

Spira et al. ’98 ATLAS ’03

σ(pp→H+X) [pb]
√s = 14 TeV

Mt = 175 GeV

CTEQ4M
gg→H

qq→Hqq
qq

_
’→HW

qq
_
→HZ

gg,qq
_
→Htt

_

gg,qq
_
→Hbb

_

MH [GeV]
0 200 400 600 800 1000

10
-4

10
-3

10
-2

10
-1

1

10

10 2

favoured

1

10

10 2

100 120 140 160 180 200

 mH (GeV/c2)

 S
ig

na
l s

ig
ni

fi
ca

nc
e

 H  →  γ γ 
 ttH (H  →  bb)
 H   →  ZZ(*)   →  4 l
 H   →  WW(*)   →  lνlν
 qqH   →  qq WW(*)

 qqH   →  qq ττ

Total significance

  ∫ L dt = 30 fb-1

 (no K-factors)

ATLAS

Physics goals:

– Higgs discovery, MH measurement, decay analyses
– ratios of couplings to W/Z bosons and quarks
– extended Higgs sectors (MSSM: h,H,A,H±)
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Higgs-boson production in e+e− annihilation

ZH production ("‘Higgs-strahlung"’) WW fusion

e−

e+

f

f̄

H

Z
Z

e−

e+

νe

ν̄e

H

W

W

WW fusion dominates
at high energies (

√
s≫MH):

σZH ∼ const / s

σWW ∼ const × ln(s/M2
W)

Physics issues:

– Higgs decay width
– quantum numbers (spin, P, CP)
– measurement of couplings
– extended Higgs sectors ?

TESLA-TDR ’01
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Examples for Higgs studies at the ILC:

A qualitative study – spin: Precision BR measurements:

Miller et al. ’01; TESLA-TDR ’01
Battaglia ’00; TESLA-TDR ’01

→֒ spin J from rise
of cross section

(assumed data versus theory error bands)

→֒ precision test of Higgs mechanism,
demarcation of SUSY Higgs bosons
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Channel for analyzing the top-Yukawa coupling:

Associated Higgs production: e+e− → tt̄H

t
t

H

t̄

γ, Z

tH

t̄

Z Z

expected accuracy:

∆gttH/gttH ∼ 5%

QCD-corrected cross section:
Dittmaier, Krämer, Liao, Spira, Zerwas ’98

10
-1

1

10

80 100 120 140 160 180 200

σ(e+e- → t t H + X) [fb]¯

MH [GeV]

√s = 1 TeV

√s = 2 TeV

√s = 500 GeV

NLO

LO
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4.5 The role of precision at LHC and ILC

LHC: the discovery machine (Higgs & EWSB, SUSY, etc.?)

• QCD corrections (at least NLO) are substantial parts of predictions

typical LO uncertainties ∼ several 10%−100%

corrections needed for signals and many background processes

• EW corrections also important for many observables

(precision physics, searches at high scales, particle reconstruction, etc.)

ILC: the high-precision machine (precision → window to higher energy)

• old and new physics with high accuracy (typically δσ/σ <∼ 1%)

→֒ QCD and EW corrections required

• the ultimate precision at GigaZ/MegaW:

precision increases by factor ∼ 10 w.r.t. LEP/SLC

EXP: ∆ sin2 θlept
eff ∼ 0.00001, ∆MW ∼ 7 MeV

TH: go from a few 102 to a few 104 (more complicated) diagrams

⇒ Precision calculations mandatory for LHC and ILC !
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5 Quantum field theories and higher perturbative orders

5.1 General procedure

Formulate theory: Lagrangian
⇓

quantization → gauge fixing, Faddeev–Popov ghosts
⇓

Perturbative evaluation: Feynman rules
⇓

Feynman graphs
⇓

loop integrals → technical problem: divergences (UV, IR)
⇓

regularization → divergences mathematically meaningful
⇓

Define input parameters: renormalization → eliminates UV divergences
⇓

Theoretical predictions: calculation of observables (cross sections, decay widths, etc.)

→֒ IR divergences cancel for sufficiently inclusive quantities
(e.g. inclusion of photon bremsstrahlung)
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5.2 Green functions, transition amplitudes, and observables

“Amputated” Green functions Gφ1...φn
amp :

calculated as sum of all connected Feynman diagrams with external n legs
φ1, . . . , φn with external propagators (and propagator corrections) omitted

Gφ1φ2φ3
amp = = + + + . . .

Transition amplitude Mfi for |i〉 → |f〉:
calculated from amputated Green functions Gφ1...φn

amp by “LSZ reduction”:

• put external momenta to their mass shell, p2
i = m2

i

• contract with wave functions of external particles (Dirac spinors, polarization vectors)

Note: fields must be normalized: Rφi
= 1 (= residue of propagator pole),

otherwise multiply by
√
Rφi

for each external leg

Cross section for transition |i〉 → |f〉:

σ = flux ×
∫

dLIPS |Mfi|2
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“Vertex functions” Γφ1...φn as irreducible building blocks:

• Γφ1φ2 ≡ −(Gφ1φ2)−1 = −(inverse propagator)

example: scalar 2-point function

Γφφ(p) = i(p2 −m2) + iΣ(p2), Σ = self-energy = sum of 1PI graphs

= + 1PI = 1-particle-irreducible
(graph cannot be disconnected by cutting one line)

Gφφ(p) =
i

p2 −m2
+

i

p2 −m2
iΣ(p2)

i

p2 −m2
+ . . . (Dyson series)

= + + + . . .

=
i

p2 −m2 + Σ(p2)
= −

(
Γφφ(p)

)−1

= −
( )−1

• Γφ1...φn ≡ Gφ1...φn
amp

∣∣∣∣
only 1PI graphs

example:

= + + two permutations

Gφφφφ
amp Γφφφφ ΓφφφGφφΓφφφ
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5.3 Loop integrals and regularization

Regularization of divergences

Observation: loop integrals involve divergences

• UV divergences for q → ∞, e.g.:∫
d4q

1

(q2 −m2
0)(q

2 −m2
1)

∼
∫

dq

q
for q → ∞ → logarithmic divergence

• IR divergences for q → q0, e.g.:∫
d4q

1

q2(q2 + 2qp1)(q2 + 2qp2)
∼
∫

dq

q
for q → 0 → logarithmic divergence

“Regularization”: extension of theory by free parameter δ such that

• integrals (and thus the theory) become finite, i.e. well defined
• original theory is obtained as limiting case δ → δ0

→֒ fix input parameters xi of regularized theory (δ 6= δ0) by experiment
⇒ observables must have finite limit δ → δ0 as functions of xi

(independent of regularization scheme)
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Convenient regularization schemes:

• Dimensional regularization: switch to D 6= 4 space-time dimensions
⋄ regularizes UV (and IR) divergences, respects gauge invariance, easy use
⋄ prescription: (µ = arbitrary reference mass, drops out in observables)
∫

d4q → (2πµ)4−D

∫
dDq and D-dim. momenta, metric, Dirac algebra

and analytic continuation to complex D !

⋄ divergences appear as poles
1

4 −D
in results

→֒ define ∆ ≡ 2

4 −D
− γE + ln(4π) =

2

4 −D
+ const.

• IR regularization by infinitesimal photon mass mγ

and (if relevant) by small fermion mass mf

⋄ prescription: photon propagator pole
1

q2
→ 1

q2 −m2
γ

⋄ divergences appear as ln(mγ) and ln(mf ) terms
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Standard 1-loop integrals:

• 2-point integrals:
p

B0,µ,µν,...(p,m0,m1) =
(2πµ)4−D

iπ2

∫
dDq

1, qµ, qµqν , . . .

(q2 −m2
0 + i0)[(q + p)2 −m2

1 + i0]

scalar integral B0 = logarithmically UV divergent = ∆ + finite,

vector integral Bµ = − 1
2
pµ∆ + finite, etc.

• 3-point integrals:

p1

p2

C0,µ,µν,...(p1, p2,m0,m1,m2)

=
(2πµ)4−D

iπ2

∫
dDq

1, qµ, qµqν , . . .

(q2 −m2
0 + i0)[(q + p1)2 −m2

1 + i0][(q + p2)2 −m2
2 + i0]

C0, Cµ = UV finite,

Cµν = logarithmically UV divergent = 1
4
gµν∆ + finite, etc.

• 4-point integrals: D... functions, etc.
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Features of one-loop integrals:

• sign of infinitesimally small imaginary part i0 in mass terms reflects causality

• general results for 1-loop integrals known
(complicated but straightforward calculation)
⋄ momentum integrals can be carried out after “Feynman parametrization”

→֒ (n− 1)-dimensional integrals for n-point functions
⋄ B functions → can be expressed in terms of log’s
⋄ C, D, etc. → involve dilogarithms Li2(x) = −

∫ x

0

dt
t

ln(1 − t)

• tensor integrals can be decomposed into Lorentz covariants:

Bµ = pµB1, Bµν = gµνB00 + pµpνB11,

Cµ = pµ
1C1 + pµ

2C2, Cµν = pµ
1p

ν
1C11 + pµ

2p
ν
2C22 + (pµ

1p
ν
2 + pν

1p
µ
2 ) + gµνC00, etc.

→֒ tensor coefficients B1, Bij , Ci, etc. can be obtained as
linear combinations of scalar integrals B0, C0, etc.
(e.g. by “Passarino–Veltman reduction”)
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5.4 Renormalization

Propagators and 2-point functions:

Structure of one-loop self-energies (scalar case as example):

Σ(p2) = C1 p
2 ∆ + C2 ∆ + Σfinite(p

2) = UV divergent

Behaviour of propagator near pole for free propagation:

Gφφ(p2) =
i

p2 −m2 + Σ(p2) p̃2→m2

1

1 + Σ′(m2)

i

p2 −m2 + Σ(m2)

→֒ higher-order corrections change location and residue of propagator pole

Interaction vertices:

Example: scalar 4-point interaction Lφ4 = λφ4/4!

Γφφφφ(p1, p2, p3) = iλ + iΛ (p1, p2, p3)

+

momentum-dependent one-loop correction:
Λ (p1, p2, p3) = C3∆ + Λfinite (p1, p2, p3) = UV divergent

→֒ higher-order corrections change coupling strengths
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Structure of UV divergences:

• Renormalizable field theories:

UV divergences in vertex functions have analytical form of
elementary vertex structures (directly related to L)

→֒ idea: absorb divergences in free parameters

⇒ Reparametrization of theory (=renormalization)

Different types of renormalizable theories:
⋄ theories with unrelated couplings of non-negative mass dimensions

→֒ renormalizability proven by power counting and “BPHZ procedure”
⋄ gauge theories (couplings unified by gauge invariance)

→֒ renormalizability non-trivial consequence of gauge symmetry ‘t Hooft ’71

• Non-renormalizable field theories:

e.g. theories with couplings of negative mass dimensions (cf. Fermi model)

operators of higher and higher mass dimensions needed to absorb
UV divergences

→֒ infinitely many free parameters, much less predictive power
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Practical procedure for renormalization:

consider original (“bare”) parameters and fields as preliminary
(denoted with subscripts “0” in the following)

→֒ switch to new “renormalized” parameters and fields that obey certain conditions

Propagators and 2-point functions:

• mass renormalization: m2
0 = m2 + δm2,

m2 !
= location of propagator pole = “physical mass” → δm2 = Σ(m2)

• wave-function ren.: rescale fields φ0 =
√
Zφφ, Gφφ = Z−1

φ Gφ0φ0

fix Zφ = 1 + δZφ such that residue of Gφφ at p2 = m2 equals 1

→֒ δZφ = −Σ′(m2)

⇒ Renormalized propagator Gφφ is UV finite:

Gφφ(p2) =
i

p2 −m2 + Σren(p2)
,

Σren(p2) = Σ(p2) − Σ(m2) + (p2 −m2)Σ′(m2) = ren. self-energy

= Σfinite(p
2) − Σfinite(m

2) + (p2 −m2)Σ′
finite(m

2) = UV finite
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Vertex functions for interactions:

• coupling renormalization: λ0 = λ+ δλ

fix δλ such that λ assumes a measured value for special kinematics pexp
i

note: Γφφφφ = Z2
φΓφ0φ0φ0φ0

→֒ δλ = −2δZφλ− Λ(pexp
1 , pexp

2 , pexp
3 )

⇒ Renormalized vertex function is UV finite:

Γφφφφ (p1, p2, p3) = iλ+ iΛren (p1, p2, p3) ,

Λren (p1, p2, p3) = Λfinite (p1, p2, p3) − Λfinite(p
exp
1 , pexp

2 , pexp
3 ) = UV finite
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6 Electroweak Standard Model — radiative corrections

6.1 Loop corrections

Recapitulation of elementary SM couplings (vertices)

gauge-boson self-couplings: Higgs self-couplings:

gauge-boson–Higgs couplings: fermion couplings:

Faddeev–Popov couplings:

⇒ Large variety of loop diagrams !
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Examples for 2-point functions at one loop: (‘t Hooft–Feynman gauge)

Electron self-energy:

Γeē(p) = i(/p−me) + i/pω+Σe
R(p2) + i/pω−Σe

L(p2) + imeΣ
e
S(p2)

e
e

e

H, χ

e
e

νe

φ

e
e

e

γ, Z

e
e

νe

W

W-boson self-energy:

ΓW−W+

µν (k) = −igµν(k2 −M2
W) − i

(
gµν − kµkν

k2

)
ΣW

T (k2) − i
kµkν

k2 ΣW
L (k2)

W W

H, χ

W W

φ

W W

γ, Z

W W

W

W

W

νl

l

W

W

u

d

W

W

H, χ

φ

W

W

uγ , uZ

u−

W

W

uγ , uZ

u+

W

W

γ, Z

W

W

W

φ

γ, Z

W

W

H

W
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Examples for 3-point functions at one loop:

Weνe vertex correction:

W

e

νe

H, χ

φ

e
W

e

νe

e

νe

Z
W

e

νe

φ

Z

νe
W

e

νe

H

W

e
W

e

νe

γ, Z

φ

e
W

e

νe

γ, Z

W

e
W

e

νe

W

Z

νe

Hγγ vertex (loop induced):

H

γ

γ

f

f

f
H

γ

γ

φ

φ

φ
H

γ

γ

u−

u−

u−

H

γ

γ

u+

u+

u+
H

γ

γ

W

W

W
H

γ

γ

φ

φ

W

H

γ

γ

φ

W

φ
H

γ

γ

W

φ

φ
H

γ

γ

φ

W

W
H

γ

γ

W

φ

W
H

γ

γ

W

W

φ
H

γ

γ

φ
W

H

γ

γ

φ
W H

γ

γ

φ

φ

H

γ

γ

W

W

+ diagrams (if different) with photons interchanged
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6.2 Renormalization

Bare input parameters: e0,MW,0,MZ,0,MH,0,mf,0, Vij,0

Renormalization transformation:

• Parameter renormalization:

e0 = (1 + δZe)e,

M2
W,0 =M2

W + δM2
W, M2

Z,0 =M2
Z + δM2

Z, M2
H,0 =M2

H + δM2
H,

mf,0 =mf + δmf , Vij,0 =Vij + δVij , (both Vij,0, Vij unitary)

Note: renormalization of cW, sW fixed by on-shell condition cW =
MW

MZ

(sW is not a free parameter if MW, MZ are used as input parameters)
• Field renormalization

W±
0 =

√
ZW W±,

(
Z0

A0

)
=

(√
ZZZ

√
ZZA√

ZAZ

√
ZAA

)(
Z

A

)
, H0 =

√
ZH H,

ψL
f,0 =

√
ZL

ff ′ ψ
L
f ′ , ψR

f,0 =
√
ZR

ff ′ ψ
R
f ′

Note: matrix renormalization necessary to account for loop-induced mixing
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Renormalization conditions:

• Mass renormalization:

on-shell definition: mass2 is location of pole in propagator

→֒ δM2
W = Re{ΣW

T (M2
W)}, similar expressions for δM2

Z, δM
2
H, δmf

Note: ⋄ location of pole is complex for unstable particles
→֒ subtlety in all-orders definition, but not relevant at one loop

(gauge-invariant definition: mass2 as real part of pole location)

⋄ other definitions of quark masses often more appropriate
(running masses, masses in effective field theories)

• Field renormalization: (bosons and leptons)
⋄ residues of propagators (diagonal, transverse parts) normalized to 1

→֒ δZW = −Re{ΣW ′
T (M2

W)},
similar expressions for δZAA, δZZZ , δZH , δZ

L/R

ff

⋄ suppression of mixing propagators on particle poles

→֒ fixes non-diagonal constants δZAZ , δZZA, δZ
L/R

ff ′ (f 6= f ′)

Note: problems for unstables particles beyond one loop
(field-renormalization constants become complex)
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Renormalization conditions: (continued)

• Charge renormalization: define e in Thomson limit

e

e

Aµ
k→0−→ ieγµ for on-shell electrons

k

⇒ e = elementary charge of classical electrodynamics

fine-structure constant α(0) =
e2

4π
= 1/137.03599976

Gauge invariance relates δZe to photon wave-function renormalization:

δZe = −1

2
δZAA − sW

2cW
δZZA

• Quark-field and CKM-matrix renormalization → fixes δZL/R

qq′ , δVij

rotation to mass eigenstates;
CKM part requires a careful (non-trivial) investigation
of mixing self-energies, mass eigenstates, LSZ reduction, etc.

General result: all renormalization constants can be obtained from self-energies.
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6.3 IR divergences and photon bremsstrahlung

Consider processes with charged external particles, e.g., e+e− → µ+µ−

• Virtual corrections: loop diagrams

. . . IR divergences from soft virtual photons (q → 0)∫
d4q . . .

(q2 −m2
γ)(2qp1)(2qp2)

→ C ln(mγ)

• “Real” corrections: photon bremsstrahlung

∫
d3

q

2q0

2

. . . IR divergences from soft real photons (q → 0)∫
d3

q . . .√
q2 +m2

γ(2qp1)(2qp2)
→ −C ln(mγ)

Bloch–Nordsieck theorem:

IR divergences of virtual and real corrections cancel in the sum

→֒ virtual and soft-photonic corrections cannot be discussed separately
↔ related to limited experimental resolution of soft photons

⇒ Cross-section predictions necessarily depend on treatment of photon emission
(energy and angular cuts)
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Separation of soft and hard photons:

Why? cancellation of ln(mγ) terms delicate in practice, but terms are universal

• soft photons, mγ < Eγ < ∆E ≪ Q = typical scale of the process
→֒ correction is universal factor δsoft to Born cross section

relatively simple analytical expression with explicit C ln(∆E/mγ) terms
• hard photons, Eγ > ∆E

→֒ Monte Carlo integration of full radiative process, but with mγ = 0

−C ln(∆E) terms emerge numerically

ln(∆E) contributions cancel numerically in sum for small ∆E up to O(∆E/E)

Calculation of soft-photon factor:

. . . = A(p− q)
i(/p− /q +mf

(p− q)2 −m2
f

(iQfe)/ε
∗
γuf (p)

q̃→0
−Qfe

ε∗γp

qp
A(p)uf (p) = −Qfe

ε∗γp

qp
MBorn

“Eikonal factorization” holds for all charged particles (spin 0, 1
2
, 1)

⇒ δsoft = − α

2π2

∫

mγ<q0<∆E

d3
q

2q0

∑

i,j

(±Qi)(±Qj)(pipj)

(qpi)(qpj)

(i = particle with charge Qi

incoming(+) or outgoing (−))
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6.4 The universal radiative corrections ∆α and ∆ρ

Running electromagnetic coupling α(s):

γ

q

q

γ
becomes sensitive to unphysical quark masses mq

for |s| in GeV range and below (non-perturbative regime)

→֒ charge-renormalization constant δZe sensitive to mq

Solution: fit hadronic part of ∆α(s) = −Re{ΣAA
T,ren(s)/s} and thus of δZe

via dispersion relations to R(s) =
σ(e+e− → hadrons)

σ(e+e− → µ+µ−)
Jegerlehner et al.

⇒ Running elmg. coupling: α(s) =
α(0)

1 − ∆αferm 6=top(s)

Leading correction to the ρ-parameter:

mass differences in fermion doublets break custodial SU(2) symmetry

→֒ large effects from bottom–top loops in W self-energy Veltman ’77

W

t

b

W
∆ρtop ∼ ΣZZ

T (0)

M2
Z

− ΣWW
T (0)

M2
W

∼ 3Gµm
2
t

8
√

2π2
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Precision calculation of MW via µ decay

→֒ MW as function of α(0), Gµ, MZ and the quantity ∆r

M2
W

(
1− M2

W

M2
Z

)
=

πα(0)√
2Gµ

(1 + ∆r)

∆r comprises quantum corrections to µ decay
(beyond electromagnetic corrections in Fermi model)

Lowest order:

W

µ−

νµ

e−

ν̄e

O(α) corrections: Sirlin ’80, Marciano, Sirlin ’80

∆r1−loop = ∆α(M2
Z) − c2

W

s2
W

∆ρtop + ∆rrem(MH)

∼ 6% ∼ 3% ∼ 1%

α ln(mf/MZ) Gµm
2
t α ln(MH/MZ)

γ

f

f

γ W

t

b

W
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Virtual correction – 1-loop diagrams:

W self-energy

ΣW
T (s)

W

Wlνl vertex correction

W

box diagrams

e.g.:
µ

νµ

e

νe

µ

γ, Z

W

e

µ

νµ

e

νe

νµ

W

Z

νe

µ

νµ

e

νe

νµ

W

Z

e

µ

νµ

e

νe

µ

Z

W

νe

Real correction – 1-photon bremsstrahlung:

µ

νµ

e

νe

γ

W

W
µ

νµ

e

νe

γ

W

e
µ

νµ

e

νe

γ

µ

W

Consistent use of Gµ:
Photonic QED corrections are treated in
the Fermi model and subtracted from ∆r etc.
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State-of-the-art prediction of MW from muon decay:

Hollik et al. ’03

200 400 600 800 1000
MH [GeV]

80.2

80.3

80.4

80.5

M
W

 [G
eV

]

MW
exp

 = (80.426 +- 0.034) GeV

exp. lower bound on MH = 114.4 GeV

SM prediction for MW

Theoretical uncertainty:

status ’00: ∆MW ∼ 6MeV

status ’06: ∆MW ∼ 4MeV

Experimental error:

status ’06: ∆MW ∼ 29MeV

ILC(?): ∆MW ∼ 7MeV

Prediction includes:
• full electroweak corrections of O(α) (1-loop level)
• full electroweak corrections of O(α2) (2-loop level)

(v.Ritbergen,Stuart ’98; Seidensticker,Steinhauser ’99;
Freitas,Hollik,Walter,Weiglein ’00-’02; Awramik,Czakon ’02/’03; Onishchenko,Veretin ’02)

• various improvements by universal corrections to ρ-parameter
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